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Abstract 

We construct new relativistic linear differential equation in d dimensions generalizing Dirac 
equation by employing the Clifford algebra of the cubic polynomial associated to Klein-Gordon 
operator multiplied by the mass parameter. Unlike the Dirac case where the spin content is 
unique and Lorentz covariance is manifest, here the spin as well as Lorentz covariance of the 
theory are related to the choice of representation of the Clifford algebra. One of the considered 
explicit matrix representations gives rise to anyon-like fields in d = 1 + 1. Coupling to a U(l) 
gauge field is discussed and compared with Dirac theory. 
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1 Introduction 



A possible way to obtain relativistic wave equations is to relate the spin degrees of freedom to 
an appropriate algebraic structure. The most famous example is the Dirac equation for spin 1/2 
particles in which spin is associated to Clifford algebra. Beyond this simplest example several pos- 
sibilities have been considered, as for instance the Duffin-Kemmer-Petiau (DKP) algebra relevant 
for a first order equation for a spin zero and spin one particles [j^. These two types of algebra 
(Dirac and DKP) appear as special cases of the parafermionic algebra of order p {p = 1 being 
the Clifford algebra and p = 2 the DKP one) ||2|. The parafermionic algebra is defined by cubic 
relations, encoding the basic property that the Lorentz generators are just given by the commu- 
tator of the generators of the algebra itself. Besides these algebraic descriptions for integer and 
half-integer spin states in any space-time dimension, specific properties appear in low dimensions. 
For instance, in 2 + 1 dimensions anyons are realized on infinite dimensional representations of the 
universal covering group of the (2 + l)-dimensional Lorentz group ^. Relativistic equations for 
a relativistic anyon are more involved, and various possibilities have been considered |5|, ^. In par- 
ticular, the (super)algebraic structure of the so called deformed Heisenberg algebra with reflection 
related to parabosons and parafermions allowed one of us to construct linear differential equa- 
tions describing universally anyons and ordinary fields of integer and half- integer spin |^ , including 
topologically massive vector gauge field p. 

In this paper, we consider an alternative way for obtaining a relativistic wave equation by simple 
extension of Dirac's idea. We just write the Klein-Gordon operator as a perfect n-th power (here 
we study the simplest case n = 3, i. e. we introduce an operator D such that = — m(n^ + m?)). 
The present approach is based on writing the quadratic form associated to the Minkowski metric as 
a cubic form. A set of generators and g associated, in turn, to the momentum vector and to 
the mass parameter m is then introduced. This allows us to define a first order relativistic equation 
of the form {ig^d^ + mg)'ip = 0, which can be treated as a special type of a generic Dirac-like 
equations [|lO| 

(i/3''9/, + m/3)^ = 0. (1.1) 

The basic algebra (generated by g^ and g) giving rise to such a linearization is the so called 
Clifford algebra of polynomials |ll[ . This is an n-th order algebra where the generators are submit- 
ted to n-th order constraints. This infinite dimensional algebra admits several finite dimensional 
representations allowing us to define a first order wave equation. However, although the algebra 
itself is Lorentz-invariant, the covariance of the relativistic wave equation is not guaranteed for a 
given representation. In other words, there is no guarantee to construct Lorentz generators in terms 
of the g^s themselves. This is very different to the parafermionic situation. Various explicit types 
of manifestly Lorentz covariant finite dimensional representations of the cubic Clifford algebras can 
be obtained and compared with the spinorial construction of the Lorentz group (related to ordinary 
Clifford algebras). On the other hand, no infinite dimensional representations of cubic Clifford al- 
gebras are known (even though these algebras are infinite dimensional) . In the case of a manifestly 
covariant equation, the approach gives us the possibility to relate the spin degree of freedom with 
a new algebraic structure. At the same time, some results concerning the cubic Clifford algebra 
and associated relativistic wave equation can be established independently of the representation we 
select (or independently of the content of the relativistic field). 

The paper is organized as follows. In section 2, we study the algebraic structure with which 
the Klein-Gordon operator is written through a perfect cube. Some conditions are then given in 
order to ensure a covariant relativistic wave equation. Two types of matrix representations are 
given: one with a manifest d-dimensional Lorentz covariance {d is arbitrary), and another with 
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no Lorentz covariance in 2 + 1 dimensions but admitting covariance in 1 + 1 dimensions. Section 
3 is devoted to the study of the relativistic equation itself. Its solutions are given by means of 
appropriate projectors. Requirement of covariance of the equation gives us an alternative way to 
calculate Lorentz generators. In 1 + 1 dimensions our approach gives a new relativistic anyon-like 
wave equation for fields of spin 1/3 and —2/3 by means of 9 x 9 matrices. We discuss also coupling 
to a U(l) gauge field and observe that new structures appear here in comparison with Dirac theory. 
Section 4 contains some conclusions and comments. 



2 Cubic root of Klein-Gordon operator 
2.1 Clifford algebra of the polynomial 

The Clifford algebra associated with Dirac equation is related to the linearization of the quadratic 
polynomial P2{x) = (x")^ — (x^)^ _ . . . _ (x'^"^)^. In a similar way there appear the so-called 



Clifford algebras of polynomials Such algebras can naturally be defined by introducing a 

series of generators leading to a linearization of a given polynomial of degree n with k variables. 
From the isomorphism between degree n polynomials and symmetric tensors of order n, one can 
write any homogeneous polynomial P as 

k 

P{xi, ■ ■ ■ , Xk) = y ^ Xi-^Xi^ ■ ■ ■ Xi^gi^-.-i^ 

with Qii-.-i^ being the associated symmetric rank n tensor. As for the ordinary quadratic Clifford 
algebra, writing the polynomial P as a perfect power of n defines the Clifford algebra Cp: 

k ^ 
P{xi,---,Xk) = ^ Xi^Xi^ ■ ■ ■ Xi^gi^...i„ = [xigi A ^ Xk9k) , (2.1) 

where the generators gi, - • • ,gk are associated with the variables xi, - ■ ■ ,Xk- Developing explicitly 
the n-th power and identifying all the terms leads to the relations 

Sn{gii: ' ' ' T gi„) '■= 9ia(i) ' ' ' 9ia(n) ~ 9ii---in^ (2-2) 

with S„ the symmetric group of order n. The Clifford algebra of the polynomial P is then the 
order n algebra generated by the Qi submitted to the constraints (|2.2| ). 

The algebra ( |2.2| ) is very different from the usual Clifford algebra. Indeed, Cp is defined through 
n-th order constraints, and consequently the number of independent monomials increases with 
polynomial's degree (for instance, 5i52 and 515251 are independent). This means that we do not have 
enough constraints among the generators to order them in some fixed way and, as a consequence, Cp 
turns out to be an infinite dimensional algebra. However, it has been proved that for any polynomial 
a finite dimensional (non- faithful) representation can be obtained ||l^. But, for polynomial of degree 
higher than two, we do not have a unique representation, and inequivalent representations of Cp 



(even of the same dimension) can be constructed (see, for instance, [13| and below for the special 
cubic polynomials). Furthermore, the problem of classification of the representations of Cp is still 
open, though it has been proved that the dimension of the representation is a multiple of the degree 
of the polynomial W%. For more details one can see [fq] and references therein. 
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2.2 Clifford algebra of the cubic root of Klein-Gordon operator 

With the described Clifford algebras Cp one can represent the massive Klein-Gordon operator 
(in any d-dimensional space-time) as a perfect n-th power. This can be achieved with the help 
of Clifford algebra of the polynomial Pn,a{p) = m'^~'^°'{jp^Pf_i — vn?)"" = (jpf_ig^ + mg)",n > 2a, 
where r]^^, = diag(l, —1, • • • , —1) is the Minkowski metric and m is a mass parameter. Here we 
investigate the case n = 3 allowing us to take a cubic root of Klein-Gordon operator via the 
relation m{p^p^ — m?) = {p^g^ + mg)^ . In this 3-root case, the generators and g satisfy the 
cubic algebra 

„ 1 
S'i{g,g,g)=g = -l, Sz{g^,g,g) = S3{g^„g^,g) = -rj^^, Ssig^, g^, gx) = 0. (2.3) 



We denote < g > the Clifford algebra generated by the g^s submitted to the constraints (2.3). 
Obviously, the product 

SO{d - 1, 1) X ^2 X ^2 X ^3 (2.4) 

is an outer automorphism of this algebra. With respect to SO{d — 1, 1), (g) are in the vector 
(scalar) representation. The two factors are due to the P (parity) and T (time reversal) 
invariance of ( |2.3| ). The automorphism is associated with the substitution {gn,g) — > iqgfM,Qg) 
with q a cubic root of the unity, = 1. In other words the algebra ( ^ ) admits a .^3-graded 
structure and the g's have a gradation one. 

From the generators of the algebra one can construct the following 0-grade vectors, 

= fgfM, f/. = 5A^ff^ f ^ = gg^g. (2.5) 

Due to the algebra (^.3|), these operators are the simplest vectors of gradation zero, from which 
more complicated 0-grade vectors can be constructed by inserting into them 0-grade products of 



three generators gx, g"^ and g (with summation in A implied). The second equation from (2.3) 
means, however, the linear dependence of the vectors (|2 



T^ + f^ + t^ = 0. (2.6) 



A natural question we should address is whether the automorphisms ( |2.4]) are inner auto- 
morphisms. When we have an inner automorphism, this enables us to write down the Lorentz 
transformations (specified by the matrix A) as h.^ ^g'^ = S{K)g^ S~^{h.) and g = S{K)gS~^{K) with 
^(A) £< g >. At the infinitesimal level this is reduced to the possibility to find the generators J^u 
such that 

[J^Lu,ga] = iiVmdy - iluagfi), [J^lu,g] = 0, (2.7) 
with J^i, constructed in terms of the g^s. From the requirement that J^u is a grade-zero antisym- 



metric rank 2 tensor, due to Eq. (2.7) it is constructed only with one g^^, one g^ and scalars. The 
only scalar we have areQ g and g^gx- If J/n/ does not contain the contracted product(s) g^gx (there 
is a strong argument in this direction, see Eq. (2^) or Eq. ( ^.12 ), next section), then in terms of 



zero-grade vectors (|2.5D one can construct only two possible generators commuting with g, 



jjiu = r^r,, + f^fj, + f ^Fi, = gg^g^ + g^gg^ + g^gug, {21 

jju) = ^^l^v + '^^l^u + ^^JXu = g^g^ifgv + g^Jifgp!f+g^g^igvg^, 



^We have also in principle the pseudo-scalar eMo - ;jf,^_i !?^° ' ' s'"''"^' with Emo ■Mfij_i the totally antisymmetric 
tensor of rank d. 
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where ^i. ^ y assumed. To obtain the expression of Ji'j we have used (p.3|), and it is easy to see 



that J^^J in (|2.8D are antisymmetric in /i and v (see the second equation in (|2.3D ). Using Eq. (|2.3D , 
we get 

["^^l^^a] = 'iiVfiagiy - ViyaOfj.) - [gt^Quga + 9(1909^ + 909/19^, §], 9] = 0. (2.9) 

(2) (2) 

One could directly calculate [Jjlu ,90] to find that JfiJ does not fulfill either the correct commutation 

(2) 

relations with ga (we already know that [Jjlu ,g] = 0). Instead, it is more easy to check this 
on explicit example (see the 9x9 matrix representation hereafter ( p.l2D ). So, neither jj^ nor 

/ (2) (2)\ (2) 

\Jliv — Jufi ) (the antisymmetrized version of J^J) could be the Lorentz generators. However, if 

the second part of the commutator of jju) with ga in (|2.9| ) vanishes, then jj^ are the Lorentz 
generators (as it is the case for the representation ( |2.11] ), see below). Conversely, if we assume that 



one can find Jf^i, satisfying (2.7), it is tempting to conclude that this implies vanishing the second 
part of the commutator of jj^J with ga (see Eq. ( p.9D ). Indeed, if we introduce J^^, as a 0-grade 
operator constructed with one one g^, and the scalars g and g'^gx, from the Lorentz covariance 
we find that jj^J transforms as a rank 2 tensor. So, [Jfj.i/, Jap] ^ simple form. But now, if using 

( |2.9| ) we calculate [jjli) , Jafs], this gives a very complicated expression (coming from [J^J ,g^ . . . gx\), 
and the cancellation seems to be difficult to obtain except if [g^gu9a + 9^i9a9v + 9a9fi9u,g] = 0. In 
such a case J^,y is equal to ^jju)- Furthermore, the results of section 2 also suggest that J^^, does 
not contain g^ . . . g\. 

Consequently, we could conjecture that the outer automorphism SO{d— 1, 1) becomes an inner 
automorphism if and only if [gfj,g^ga + 9tJ,9a9u + 9a9iJ.9u, 9] = 0, and then we have 

Jixv = ^ (^99[fM9u] + 9l^l99u] + 9[fi9u]9) , (2-10) 

with gi^g^] = g^^g^ - g^gf,. 

So, on the one hand, for a given representation TZg of < g >, gi_i,g — > G^,G, there is no 
guarantee to find the generators J^j/ constructed from the g^s. In such a case the representations 
TZg =< Gfj_,G > and TZ^ =< A'^^,G'^,G > are inequivalent. This is very different to the usual 
Clifford algebra case0. But, on the other hand, if SO{d — 1, 1) is an inner automorphism, this 
means that TZg =< G^,G > and TZ^ =< A^^G'^,G' > are equivalent representations, or that the 
G's act on an appropriate representation of the Lorentz group. This constitute an adapted extension 
of the spinorial construction of the Lorentz group (related to the cubic instead of quadratic Clifford 
algebras) . 



2.3 Examples of < g >-representations 

As we noted above, representations of the Clifford algebras of polynomials are not classified and 
only some special matrix representation are known. For < g > we have found two types of repre- 
sentations. The first one is constructed with the usual Dirac matrices in any space-time dimension, 

/O 7/. 0\ /O ijd+i \ 

G^=[0 7^ , G = ijd+i ■ (2.11) 
Vooo/ \l 0/ 

^However, when the space-time dimension is odd, we have two inequivalent representations (equivalent to ±7^^ with 
7fi the Dirac matrices) because there is no 75-hke matrix (chiraHty). Thus, the T inversion is an outer automorphism 
for the usual Clifford algebra in odd dimensions. 
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Because of the presence of the matrix 7^+1, in odd-dimensional space-time we assume that 7^ 
are reahzed via the gamma-matrices 7^^^ corresponding to dimension {d — 1), e.g., in the form 
Ifi = ill" <8) whereas 7^+1 can be chosen as "fd+i = 1 (8) 0-3. It is easy to see that in this 
Dirac-hke representation both jj^J and J^J in Eq. (|2.8[) give J^^, = —§7^7;^ (E> diag(l, 1, 1). 




The second representation is obtained by hnearizing firstly the polynomial m{{pQ)'^ — (pi)^ - 
"^((^•o)^ - {Pif ) = 

with subsequent linearization of this sum of perfect cubes by means of the twisted tensorial product 
|13|. As a result, we end up with the s'^"^ x S^T^^-dimensional matrices, with [a] being the integer 
part of a. In 2 + 1 dimensions, the corresponding representation is given by the 9x9 matrices: 

/TpO o\ /ooo\ /r-/o\ 

Gp = qTp , p = 0, 1, G2 = / , G = qf il \ , (2.12) 
VO q'^TpJ \I 0/ q^fj 

where g is a primitive cubic root of the unity, and / are zero and unit 3x3 matrices, and 





/O 0^ 

ro=p i|, ri=(o -i|, T=(o o o|. (2.13) 
Vi 0, 

On this explicit representation, one can check that and [j^V - jI^iI) defined by Q do not 
satisfy the correct commutation relation with Ga- Moreover, one can also directly check that there 
does not exist any 9x9 matrix J^y satisfying (p.?]). Therefore, for this representation SO{2, 1) is 
an outer automorphism. 

Representation ( 2.12| ) turns out to be more interesting in the case of 1 + 1 dimensions. Indeed, 



the matrices ( p. 121) lead to different types of 9 x 9 dimensional representations. The first type is 
given by the set of generators TZo2 =< Go,G2,G > or by the set TZi2 =< e*'^/^Gi, G2, G >. For 



both these representations, there is no Lorentz generator satisfying Eq. (2/7). The second type 
representation is characterized by the set 



and by the Lorentz generator 



7^ol 


— < Go, Gi 


G>, 
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Vo 


-2/ 


Vo 








(2.14) 



Joi = ^ I 1 I ( 1 I , (2.15) 

which satisfies the correct commutation relations with Go,Gi,G, i.e. for this representation the 
automorphism 50(1,1) is internal. Traceless generator ( 2.15| ) is obtained via Eq. ( 2.10 ) with 



appropriate 'renormalization' consisting in a shift for the matrix proportional to the unit one. 

Finally, let us note that in + 1 dimension, there exists the 3x3 representation of < 5 > given 
by the matrices 





1 






1 


















Vo 





0/ 







/ 



Go= 1, G= -1. (2.16) 
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To conclude the discussion of the representations of the Chfford algebra < g >, one notes 
that only (some) finite dimensional representations of Clifford algebras have been found. On the 
other hand, as we noted above, in 2 + 1 dimensions anyons are related to infinite dimensional 
representation of SL{2,IR ) (the universal covering of Lorentz group) Q. So, it would be very 
interesting to try to find infinite dimensional representations of < <^ > in relation to the infinite 
dimensional representation of SL(2,IR ). 



3 Cubic root of Klein-Gordon equation 

3.1 First order equations and almost Dirac algebras 

After the formal discussion of the algebra < g > and its representations, now we are ready to define 
an adapted extension of the Dirac operator being a cubic root, instead of a quadratic one, of the 
Klein-Gordon operator, 

D = {igf'd^ + mg), = -m{n'^ + m"^), (3.1) 

with the g^s defined in the previous section. This operator enables us to define two possible equations 
generalizing the Dirac one and its conjugate, 

{igf'd^ + mg)ij = 0, i^i^^g^" + mg) = 0, (3.2) 

where ^ ^ = d^ip. Following the general discussion of the previous section, if for a given repre- 
sentation of < 5 > the outer automorphism SO{d —1,1) is promoted to an inner one, then the 
fields V and ^ turn out to be in some representation T> and P* (the dual representation of T>) 
of SO{d — 1, 1). In other words, under a Lorentz transformation A the fields transform as S{A)'ijj 
and 'tpS~^{A). This means that the equations ( |3.2| ) constitute alternative relativistic equations. In 
the opposite case, ( |3.2D has no Lorentz covariance. Some general results upon this equation can 
be established without specifying concrete representation for < g >. Similar equations already 



appeared in [16| in the world- line formalism (for the massless case) in the context of fractional 
supersymmetry [17|. 

If we multiply the first equation by g'^ on the left and the second on the right, we get 

(ir'^d^ - m)'4) = 0, - m) = 0, (3.3) 



with the matrices and F^ defined in (2^). A direct calculation with the algebra ( |2.3D leads to 
the almost Dirac algebras 

{V^,Vy} = 2rif,y - {g^,g^}g, {t ^,ty} = 2ri^t, - g{g^,g^}. (3.4) 
Introducing the time-like momentum {p^iP^ = m ^ 0), from ( ^.4| ) we get (p^'T^ = 



2 

m?' (l — [e'^g^)'^g) and (p^F^j = (l — g{e^g^)'^) with = p^/m. Below we shall shaw (see 

Eq. (|3.5D ) that the operators (1 — {e^g^)'^g) and (1 — g{e^g^)'^) are the projectors onto the physical 
space for ip and V', respectively. We call F^ and F^ the left and right almost Dirac matrices since 
being restricted to the physical subspaces, they satisfy a usual quadratic Clifford algebras. 
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3.2 Projectors 

To solve Eq. (3.2), we introduce two series of projectors (for ^ and ip), 



n±(p) =-l[±e''g^ + g) g Ul{p) = -l~g(^± ef^g^ + 

= f[{l-{e^'g^fg±~g^e^'g^)), = i ((1 - 5 (e^ff^f ± (e^g^) 5^) , (3.5) 

no(p) ={e^'g^.?g, ns(p) =He^9^.f- 

Using the outer automorphism SO{d — 1,1), we can consider HeiP) ^-nd Il*{p), e = ±,0, with 
p = (m, 0, • • • , 0) the rest frame momentum. Then, it is easy to prove that ne(]5)n£/(]5) = 5ee'^e{p) 
and n+(p)+n_(p)+no(p) = 1 (and similar relations for I[*{p)), i.e. ^e{p) and n*(p) constitute two 
complete sets of projectors. Denoting, for a given fe-dimensional representation, = Tr(ne(p)) = 
Tr(ne(p)), we have obviously n+ + n_ + no = k and n+ = n_. Moreover, using ( |2.3D we have 
riQ = k/3 (this is enough to prove that A: is a multiple of 3), and finally we get 

Tr(no(p)) = Tr(n+(p)) = TY(n_(p)) = n = h, (3.6) 

and similarly for 11*. 



3.3 Solutions to the equation ( |3.2|) 



The projectors 11 and IT* are useful to calculate the solutions to Eq. (3.2). From now on we 
just consider the equation for ip, the other one is totally similar. Let us introduce the solutions 
of (^]^) in the form of the plane waves of positive and negative energy, ip±{p) = e^^^'^^'^W±{p). 
Then, the equation is reduced to the equations for W±{p), {±p^g^ + mg)W±{p) = 0. From the 
relation {ipf^gf^ + mg)^ = m{p^Pf^ — m?) = 0, it is easy to see that W±{p) £ Imn±(p). Finally, from 
{v^Qfj)^ = we observe that the set of vectors Wq{p) G Imno(p) are neither positive energy solutions 
nor negative energy ones, but the auxiliary fields. There the equations of motion are reduced to 
Woip) = 0. Since, Iie{p) constitute a complete set of projectors, the space of solutions decomposes 
into S = lmn+(p)0lmn_(p)©lmno(p). The projectors I^±{p) are related to the physical solutions, 
i. e. to the positive and negative energy solutions, whereas the projector Ho{p) characterizes the 
auxiliary fields. Differently to the quadratic Clifford algebra, here we have auxiliary fields (like 
they are present in generic Dirac-like equation (|1.1| )). This comes from the fact that the g^ are 
singular, {g^)^ = 0. This singularity, in turn, is due to the fact that basically we have a quadratic 
form (related to the Minkowski norm) which we write through a 'cubic' form. 

For the d-dimensional representation ( 2.11| ) the equation (3.2) takes a simple form. Writing 



■ip^ = {ipi ip2 Vs), it gives 

ipi = 0, (hfid^ + m7d+i)V'i = 0, i = 2, 3. (3.7) 

Hence, ipi are auxiliary fermionic fields and ^2,4^3 are the usual Dirac fields. 

For the representation ( |2.12D , we have a relativistic wave equation in 2 + 1 dimensions with 
Lorentz invariance only in the (xo,xi) subspace. For the representation ( |2.14| ) in 1 + 1 dimensions 
with a basis where HoiP) = diag(l, 1, 1,0, 0, 0, 0, 0, 0), the Lorentz generator takes a simple form 

J= ^diag(l, 1,1; 1,-2,1; -2, 1,-2). 



Therefore, it seems that the physical fields can be treated as (1 + l)-dimensional anyons [18| of spin 
1/3, —2/3. We shall return to this point in last section. 
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3.4 Alternative calculation of Lorentz generators 



Assuming that for a given representation of < g > the Lorentz covariance of Eq. (3.2) is manifest, 
we have an alternative way to calculate the Lorentz generators. Indeed, we solve the equation ( |3.2| ) 
in any frame using the projectors Il{p)- Let us choose two particular frames: the rest frame and 
a frame such that = {pq ~ m,pi <C m, 0, • • • , 0). We denote respectively VFe(j5) and Ws{p) the 
corresponding solutions, such that 5e(^) = | W£*(^3), i = 1, • • • , n| and Se{p) = ^W^{p),i = 1, • • • , n| 
constitute a complete basis of solutions in these two frames. Now we have two ways to write Ws{p). 
On the one hand, we have 

We{p) = Ce,pn,{p)We{p), (3.8) 

with Ce^p a constant of normalization (Ce,p ~ 1, for p ^ p). On the other hand, if we denote B{p) 
the boost from the rest frame to the moving frame, we have 

We{p)=B{p)We{p). (3.9) 
Comparing Eqs. (|3.8[ ) and (|3.9D , we obtain 

B{p) = n+(p)n+(p) + n_(p)n_(p) + no(p)no(j5). (3.10) 

For the infinitesimal boost along the xi axis, p^ = {m, 0, • • • , 0) — p^ = {E m,p ^ 0,0, ■■■ ,0), 
developing ( |3.10| ) at the first order gives 

B{p) = l-i^Joi. (3.11) 

m 

If we proceed along these lines for an arbitrary solution, i. e. with or without a manifest Lorentz 
covariance, the expression of Jqi (and in a similar way of Joi) looks not so symmetric (but at that 
point the algebra ( |2.3| ) is not used to simplify its expression). However, for the two solutions where 
the Lorentz covariance is guaranteed (like for representation ( ^.llD and TZqi in 1 + 1 dimensions), 
Jqi is reduced to a very simple expression (all other terms vanish): 

1 

Jli = "2 ^39m + 9i99o) ■ (3.12) 



Compared with Jqi in ( 2.10 ), the term —^gigog is missing. Obtaining J^^, we started from the 
equation (|3.2| ) without any reference to the algebra (|2.3| ). From the equation (^.2|), if we do not 
make any reference to (^^), only g'^g^ (or g^g"^) is a vector, but from the algebra ( |2.3| ) g^ is a 



vector and ^ is a scalar. It can be checked explicitly that JP^^ in (3.12) and 5 5^ satisfy the correct 



commutation relations, although (7^ and g with JP^ do not. So, the generators JJ^^ obtained in 
( 3.12| ) can be called the partial generators and J^jy in ( p. 10 ) the full ones. Even if we cannot obtain 



the full generators through this process, it gives some useful information. Indeed, in the previous 
section we have raised the possibility that J^,y could (in principle) contain terms like gxg'^- But 
such terms never appear with (|3.10|) , and this supports the conjecture (on the form of J^,y) of the 
previous section. 

3.5 U(l) interaction 

Let us consider the problem of coupling the field system described by the cubic root equation ( |3.2| ) 
to the external U(l) gauge field A^. Introducing the covariant derivative = d^ — ieA^ (e being 
the charge of the field ip), the equation becomes 

(igf'V^ + mg)ij = 0. (3.13) 
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The calculation of {ig^"^ ^ + mgY gives 



(3.14) 



with F^y = d^Ay — dyA^, and J^y given by ( p.lO| ). Due to the algebra of generators (2.3), the first 



term from Eq. ( 3.14| ) is reduced to 



.-e{F^"'V^{g^^gy^gx + gi^gxg,]+ gxg[,.gu]) - er{A), T ={d>'d''A^)g^g,gx. (3.15) 



The last term in Eq. ( 3.15| ) seems to be not manifestly gauge- invariant, but its change under the 
gauge transformation A^ A^ + d^A disappears due to the algebra ( [2.31) : dfj_d,ydxA.g'^g'^ g^ = 0. 
With this observation the term T can be transformed identically due to the algebra (^j^) into 
the manifestly gauge- invariant form T = \dxFfj^u{g^g^^g'^^ + g^g'^g'^^)- Summarizing all this, we 
conclude that the modified Klein-Gordon equation corresponding to our field system interacting 



with the U(l) gauge field via the prescription of minimal coupling (3.13) is given by 



+ m 



+ ^ F^"" {gxgfigy + gf^gxgu + gfigugxW 
+ -^9^^^" iaxgi^gu + g^.gxgu))^ = o. 



(3.16) 



Therefore, besides the standard spin-field coupling described by the third term in modified Klein- 
Gordon equation (which appears in the case of Dirac field with minimal coupling prescription), here 



in generic case we have new structures given by the 4-th and 5-th terms in Eq. (3.16). But direct 
checking shows that in representations ( ^.11 ) and ( 2.14 ), for which Lorentz symmetry is manifest, 
the relation g^gugx = is valid. Therefore, in these cases the modified Klein-Gordon equation 
has the same structure as the quadratic equation corresponding to Dirac equation with minimal 
coupling. This means, in particular, that the corresponding Lorentz covariant field systems are 
characterized by the gyromagnetic ratio g = 2. 

In the peculiar (l+l)-dimensional case ( |2.14| ), because of the 'renormalization' of ( |2.10D , the 
equation takes the form 



+ m 



eF^'Joi 



(3.17) 



with Joi given by (2.15). 



4 Concluding remarks 

Clifford and Grassmann algebras are the basic ingredient for the spinorial representation of the 
Lorentz group and they naturally appear as fundamental generators for the Dirac operator. In this 
paper, we have constructed a new wave equation in line of Dirac equation. Indeed, from Clifford 
algebra of a polynomial of degree higher than two (cubic in our case) we were able to define a 
relativistic wave equation involving the cubic root of the Klein-Gordon operator instead of a square 
root. Moreover, as Dirac equation is related to supersymmetry, it has been observed that the 
equation considered in this paper can be related to an extension of supersymmetry involving an 



n-th order algebra, namely fractional supersymmetry |16, 17 1. Conversely, it is well known that 
supersymmetry is related to Clifford and Grassmann algebra. Similarly it has also been established 
that fractional supersymmetry is connected to Clifford algebras of polynomials [ff5|. So, all these 
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n order structures (Clifford algebra of polynomials, fractional supersymmetry and n-th root of the 
Klein-Gordon operator) are interconnected. 

On a more practical ground, within the framework of the Clifford algebra of the polynomial 
fn{PiiP^ — m^) the relativistic equation generalizing Dirac equation has been obtained. Differently 
to the quadratic case, where the spin content is unique (spin-1/2 particles), here the spin content is 
related to the representation of the Clifford algebra we take. Only finite dimensional representations 
are known for this type of algebras. Two explicit matrix representations are given here, and one of 
them gives an appropriate equation for (1 + l)-dimensional anyons of spin 1/3 and —2/3. 

Constructing the corresponding Lorentz generator for the 1 + 1 anyonic case, we fixed the 
corresponding matrix to be traceless. So, strictly speaking, the question on spin content of such 
anyonic-like fields deserves further investigation. This point can be clarified by realizing secondary 
quantization to reveal the corresponding spin-statistics relation. Since the massive field theory 
in 1 + 1 dimensions can be treated as a reduction of the corresponding massless theory in 2 + 1 



dimensions, here the analysis of ref. |1£] on statistics for massless (2 + l)-dimensional theories may 
be very helpful. 

No infinite dimensional representation of the infinite Clifford algebra < g > has been found here. 
It would be very interesting to construct such representations in the context of (2 + l)-dimensional 
anyons. 

Finally, we could have chosen a slightly different cubic Clifford algebra, for which the massive and 
massless cases would have been put on the same footing. Introducing some universal mass parameter 
M (it could be, e.g., the Planck mass), one can consider the Clifford algebra -/Vf(p^p^ — m?) = 
{p^gf" + mg + Mgf. 
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